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1. Introduction
Questions
▶ Can we avoid using Gaussian approximations for the posterior?
▶ How can we improve the performance of approximate Thompson Sampling?

Problem Formulations
▶ Time horizon N and indices n ∈ {1, 2, . . . ,N}
▶ The agent plays arm An ∈ A = {1, 2, . . . ,K} and receives rewards Rn

▶ Update the posterior µ of arm An according to reward Rn

▶ Total expected regret E[R(N)] = N maxa E
[
µa

] − E [∑N
n=1Rn

]
▶ Goal: find the optimal policy (arm) to minimize the regret
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Contributions
▶ We proposed a computationally efficient Thompson Sampling algorithm with

underdamped Langevin Monte Carlo
▶ We derive novel posterior concentration with a designed potential function
▶ With the novel posterior concentration rates, we prove it achieves Õ

(
log N
∆a

)
regrets with Õ(

√
d) samples (previously with Õ(d) samples)

▶ Both theoretical analysis and experimental results are provided

Assumptions
▶ Lipschitz Smooth and Strongly Convex on the log-likelihood functions

logPa (R|x), x ∈ Rd,R ∈ R.
▶ Lipschitz Smooth and Strongly Convex on the reward distributions.
▶ Lipschitz Smooth on the priors πa (x).
▶ Joint Lipschitz Smooth on the log-likelihood functions (for Approximate

Thompson Sampling).

2. Proposed Algorithms
Thompson Sampling Algorithm
1: Input Posteriors µa

[
ρa

]
and feature vectors αa for ∀a ∈ A.

2: for n=1 to N do
3: Sample

(
xa,n, va,n

) ∼ µa
[
ρa

]
for ∀a ∈ A.

4: Choose arm An = argmaxa∈A
〈
αa, xa,n

〉
.

5: Play arm An and receive reward Rn.
6: Update posterior distribution of arm An: µAn

[
ρAn

]
.

7: Calculate regret at round n: Rn.
8: end for
9: Output Total regrets R(N) =

∑N
n=1Rn.

(Stochastic Gradient) Underdamped Langevin Monte Carlo
1: Input Data

{Ra,1, · · · ,Ra,La(n−1)
}

and Sample
(
xa,Ih(n−1), va,Ih(n−1)

)
.

2: Initialize x0 = xa,Ih(n−1) and v0 = va,Ih(n−1).
3: for i = 0, 1, · · · , I do
4: Uniformly subsample S ⊆ {Ra,1, · · · ,Ra,k

}
.

5: Compute (stochastic) gradient ∇U(xi).
6: Sample (xi+1, vi+1) based on ∇U(xi).
7: end for
8: xa,Ih(n) ∼ N

(
xI,

1
nLaρa

Id×d

)
and va,Ih(n) = vI

9: Output Sample (xa,Ih(n), va,Ih(n)) from current round.

Stochastic Differential Equations (SDEs)

▶ dvt = −γ2vtdt︸ ︷︷ ︸
friction term

− u
2
∇ f (xt) dt︸       ︷︷       ︸

log-likelihood

− u
2n
∇ log π(xt)dt︸             ︷︷             ︸

prior

+

√
γu
nρ

dBt︸    ︷︷    ︸
noise term

.

▶ dxt = vtdt. Notes: xt ∈ Rd are positions, and vt ∈ Rd are velocities.

Discretization Scheme

▶ Sample
[
xi+1

vi+1

]
∼ N

([
E [xi+1]
E [vi+1]

]
,

[
V (xi+1) K (xi+1, vi+1)
K (vi+1, xi+1) V (vi+1)

])
as follows:

▶ E [vi+1] = vie−γh − u
γ
(1 − e−γh)∇U(xi)

▶ E [xi+1] = xi +
1
γ
(1 − e−γh)vi − u

γ

(
h − 1

γ

(
1 − e−γh

))
∇U(xi)

▶ V(xi+1) = 2u
γ

[
h − 1

2γe−2γh − 3
2γ +

2
γ
e−γh

]
· Id×d

▶ V(vi+1) = u(1 − e−2γh) · Id×d

▶ K (xi+1, vi+1) = u
γ

[
1 + e−2γh − 2e−γh

]
· Id×d

Gradient Estimation
▶ Exact gradient: ∇U(xi) = −∑

j∇ logPa

(
R j|xi

)
− ∇ log πa(xi)

▶ Stochastic gradient: ∇Ũ(xi) = −La(n)
|S|

∑
R∈S
∇ logPa (Rk|xi) − ∇ log πa(xi)

3. Theoretical Analysis
Posterior Concentration
For x ∈ Rd and δ1 ∈

(
0, e−

1
2

)
, the posterior distribution of SDEs satisfies:

Px∼µa[ρa]

∥x − x∗∥2 ≥
√

2e
mn

(
D + 2Ω log

1
δ1

) ≤ δ1,

where D = 8d/ρ + 2 log B, Ω = 256/ρ + 16κ2d.

Regrets of Exact Thompson Sampling
With ρa = κ

−3
a (8d)−1, constants C1 and Ca can upper-bound the expected regret

after N rounds of exact Thompson Sampling:

E[R(N)] ≤
∑
a>1

[
C1

∆a

√
B1

(
log B1 + d2

)
+

Ca

∆a

(
log Ba + d2 + d log N

)
+ 2∆a

]
.

(Approximate) Posterior Concentration
With the choice of step size h(n) = Õ

(
1/
√

d
)

and number of steps N = Õ
(√

d
)

in

ULMC, the following inequality holds when xa,t ∈ Rd and δ2 ∈
(
0, e−

1
2

)
:

Pxa,t∼µ̄(n)
a [ρ̄a]

∥xa,t − x∗∥2 ≥ 6

√
e

man

(
Da + 2Ωa log

1
δ1
+ 2Ω̃a log

1
δ2

) ≤ δ2,

where Da = 2 log Ba + 8d, Ωa = 256 + 16dκ2
a, and Ω̃a = 256 + 16dκ2

a + d/18κaρ̄a.

Regrets of Approximate Thompson Sampling
Given ρ̂a = (8κaΩa)−1, the total expected regrets after N rounds of approximate
Thompson sampling are capped by constants C̃1 and C̃a:

E[R(N)] ≤
∑
a>1

[
C̃1
√

B1

∆a

(
log B1 + d2κ2

1 log N
)
+

C̃a

∆a

(
log Ba + d2κ2

a log N
)
+ 4∆a

]
.

4. Experimental Results

Take-away
▶ With the proper choice of batch size, approximate Thompson Sampling can

achieve sub-linear regrets with stochastic gradients.
▶ Thompson Sampling with underdamped Langevin algorithms attains

sub-linear regrets at Õ
(√

d
)

samples, while previous requires Õ (d) samples.
▶ Selecting γ = 2.0 achieves the lowest regrets (consistent with our analysis).
▶ The improvements become prominent as d increases.
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(a) Regrets with full or stochastic gradients.
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(b) Regrets with Õ(
√

d) samples.

0 50 100 150 200
# rounds

0

100

200

300

400

500

Re
gr

et
s

Underdamped (d=10)
Underdamped (d=30)
Underdamped (d=100)
Overdamped (d=10)
Overdamped (d=30)
Overdamped (d=100)

(c) Regrets with Õ(d) samples.
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(d) Regrets with different momentums γ.
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(e) Regrets with flat priors.
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(f) Regrets in high dimensional cases.
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